We study the Kondo effect in side-coupled double quantum dots with particular focus on the crossover between two distinct singlet ground states, using the numerical renormalization group. The crossover occurs as the quantized energy level of the embedded dot, which is connected directly to the leads, is varied. In the parameter region where the embedded dot becomes almost empty or doubly occupied, the local moment emerging in the other dot at the side of the path for the current is screened via a superexchange process by the conduction electrons tunneling through the embedded dot. In contrast, in the other region where the embedded dot is occupied by a single electron, the local moment emerges also in the embedded dot, and forms a singlet bond with the moment in the side dot. Furthermore, we derive two different Kondo Hamiltonians for these limits carrying out the Schrieffer-Wolff transformation, and show that they describe the essential feature of the screening for each case.
I. INTRODUCTION
The Kondo effect is a prototypical many-body phenomenon that is caused by the interaction between a localized spin and conduction electrons. Since the Kondo effect was observed in a quantum dot (QD) system, 1, 2 effects of electron correlation on quantum transport have attracted much attention. Moreover, the recent experimental advancement enables one to examine the Kondo physics in a variety of systems, such as an AharonovBohm ring with a QD and double quantum dots (DQD). In these systems multiple paths for electron propagation also affect the tunneling currents, and give rise to a Fanotype asymmetry in the line shapes of conductance.
A side-coupled DQD system with a T-shape configuration, as shown in Fig. 1 , is a typical system in which the interplay between the Kondo effect and the interference effect occurs. For this type of DQD, a number of theoretical studies have been carried out so far. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] It also becomes experimentally possible to fabricate this kind of geometry. 16 In the side-coupled DQD system shown in Fig. 1 , one of the dots (QD2), which is referred to as a side dot, has no direct coupling to the leads, but is coupled to QD1 QD2 lead L lead R (2) and U 1 (2) are the energy level and the Coulomb interaction at the QD1 and QD2, respectively. t denotes the interdot coupling.
the embedded dot (QD1). Because of this unique geometry with the multiple paths, intriguing phenomena can occur in this system. For example, a two-stage Kondo effect can occur for the small interdot coupling t, where each of the dots is occupied by a single electron. 6, [9] [10] [11] [12] 14, 15 In this case, the local moment in the QD1 is screened first by the conduction electrons at higher temperature, and then the moment in the QD2 is screened at lower temperature to form a singlet ground state. Most of the preceding studies of a side-coupled DQD system focused on the two-stage Kondo effect taking place in this situation. In contrast, for large t, the two adjacent local moments screen each other to form a molecular-type singlet.
The gate voltage that is applied to the dots can further change the charge and spin distributions in the DQD, and evolve the system toward the mixed-valence regime. Specifically, as the energy level ε 1 of the QD1 is varied, another typical singlet state appears in the parameter region where the QD1 becomes almost empty or doubly occupied. It is a singlet bond between the local moment at QD2 and the conduction electrons, and is formed by a superexchange mechanism. Some numerical indications that this type of singlet state is formed were seen in data of previous works.
5,9 Maruyama et al. obtained an asymmetric conductance peak of the Fano shape for finite ε 1 in the Kondo regime.
5 However, their study is focused mainly on the transport properties.Žitko et al.
9 examined a similar situation, and showed that the Kondo temperature becomes small in this case. The precise features of the singlet state, however, were not fully examined. Some groups have studied the gate-voltage dependence of the conductance where the energy levels of the two dots are moved simultaneously. 6, 9, 10 However, it has still not been clarified in detail how the singlet ground state evolves across the crossover region between the singlet state due to the two-stage Kondo effect and the one formed by the superexchange mechanism between the QD2 and the conduction electrons.
In this paper, we re-examine a side-coupled DQD system shown in Fig. 1 , and study how the Kondo singlet bond is deformed as the energy level ε 1 in the QD1 is changed. We find that as ε 1 moves away from the Fermi energy, the electrons at the QD1 cannot contribute to the screening of the local moment at the QD2, and the conduction electrons tunneling into the QD2 virtually via ε 1 screen the local moment. This electron tunneling process is similar to the superexchange mechanism seen in transition metal oxides such as MnO and CuO. 17, 18 In the present case, the Kondo singlet bond is formed between the QD2 and the leads, mediated by the quantized level ε 1 at the QD1. This mechanism is quite different from the Kondo screening in the case of ε 1 ≃ 0 where a singlet bond between the QD1 and QD2 plays a dominant role.
3-15 Therefore, the gate voltage applied to the QD1 deforms the Kondo cloud, and it can be probed through the variation in the phase shift of the DQD. In order to clarify these features, we calculate the phase shift using the numerical renormalization group. Furthermore, we calculate the spin susceptibility to obtain the Kondo temperature, which shows good agreement with the one obtained from an effective Kondo Hamiltonian we have derived in this work. In the presence of the Coulomb interaction U 1 at the QD1, we also find that the twostage Kondo screening changes to a single-stage process as ε 1 moves away from the electron-hole symmetric point
This paper is organized as follows. In Sec. II, we give the Hamiltonian of our system. In Sec. III, we derive the effective Hamiltonian using the perturbation theory in the tunneling matrix elements, which is identical to that derived from the Schrieffer-Wolff transformation.
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In Sec. IV, we show the numerical results, and discuss how the Kondo singlet state evolves as ε 1 varies. A summary and discussions are given in Sec. V.
II. MODEL
The Hamiltonian of a side-coupled DQD system shown in Fig. 1 reads (1) where
H QDi describes the QD1 for i = 1, and the QD2 for i = 2, ε i the energy level, U i the Coulomb interaction,
H int denotes the interdot coupling with the hopping matrix element t. H L/R describes the normal lead of the left/right side. V L/R is the tunneling matrix element between the QD1 and the left/right lead.
is a constant independent of the energy ε, where N is the number of the states in each lead.
For convenience of the following discussions, we apply a unitary transformation to the leads, using the inversion symmetry,
Then, the Hamiltonian for the leads, ν∈{L,R} (H ν + H T,ν ), can be rewritten as
with
Note that the operator s kσ couples to the QD1, while the operator a kσ is decoupled. Therefore, we can map the original model given by Eq. (1) to the two-impurity Anderson model (TIAM),
Using this model, we will discuss how the singlet state due to the Kondo effect changes as the energy level ε 1 at the QD1 varies.
III. KONDO HAMILTONIANS
In this section, we derive the effective Hamiltonians in order to study the Kondo behavior in the two opposite cases, ε 1 ≃ 0 and large ε 1 . For this purpose, we use the perturbation theory in the tunneling matrix elements t and V S , which is equivalent to the SchriefferWolff transformation. 19 We assume that the Coulomb interaction at the QD1 is zero, U 1 = 0, in this section in order to focus on the effects of ε 1 . We also consider the effects of U 1 in Sec. IVB and the Appendix. Figure 2 shows a schematic energy diagram of a sidecoupled DQD for ε 2 + U 2 /2 ≃ 0. Let us first consider the case, shown in Fig. 2(a) , where the energy level at the QD1 is located around the Fermi energy ε 1 ≃ 0. When the Coulomb interaction U 2 is much larger than the interdot coupling t, the local spin moment arises at the QD2. Carrying out the perturbation expansion in the tunneling matrix element t, we obtain the Kondo Hamiltonian of the form
where
is the vector representation of the Pauli matrix, and S 2 is the spin operator of the local spin at the QD2. In the electron-hole symmetric case, ε 1 = 0 and ε 2 = −U 2 /2, the exchange coupling is given by J 12 = 8t 2 /U 2 . This type of exchange coupling appears in the usual Kondo model, and is referred to as the "interdot exchange (IE)" coupling in the following, in order to distinguish it from the superexchange coupling discussed later. In the case where J 12 is larger than Γ (≡ Γ L + Γ R ), the local moments at the QD1 and QD2 form a molecular-type singlet bond. In the opposite case J 12 < Γ where the QD1 is coupled more strongly to the leads, the spectral weight of the electron at the QD1 is broadened, and the local moment S 2 at the QD2 is screened by the electrons with this broadened density of states. In both of these cases, the singlet state is formed mainly between the moments in the QD1 and QD2. Similar considerations also make sense for finite U 1 , 6,9 just by replacing Γ with the Kondo temperature T QD1 K for the QD1. Namely, the two-stage Kondo effect occurs for J 12 < T QD1 K , whereas a singlet bond becomes the molecular-type one for J 12 > T QD1 K . Next, we consider the situation shown in Fig. 2(b) , where the energy level at the QD1 is away from the Fermi energy. The Kondo effect in this situation is a main focus of this paper. In this case, the QD1 is almost empty (doubly occupied) for ε 1 > 0 (ε 1 < 0), and the spin degree of freedom disappears at the QD1. Thus, the electrons at the QD1 can not contribute to the screening of the local moment at the QD2, and ε 1 works as a potential barrier that disturbs charge transfer between the QD2 and the leads. Maruyama et al. 5 andŽitko et al. 9 also considered the |ε 1 | → ∞ limit. However, the precise features of the screening process due to the superexchange mechanism were not examined in detail. A similar situation to Fig. 2 (b) also arises in transition metal oxides such as MnO and CuO, where the superexchange interaction describes the coupling between the local spins in magnetic ions mediated by nonmagnetic oxygen anions.
17,18
In order to clarify the Kondo screening in the situation shown in Fig. 2(b) , we derive the effective Hamiltonian from the perturbation expansion with respect to the tunneling elements t and V s to the fourth order (see the Appendix). The result can be expressed in the form
The coupling constant J SE depends on the energy level ε 1 , which is caused by a virtual process with a single electron passing through the QD1. This term appears as the V 2 s t 2 -type contribution in the fourth order perturbation expansion with respect to tunneling elements. The screening of the local moment S 2 is achieved for large ε 1 by the conduction electrons tunneling virtually through the QD1. This screening mechanism is essentially the same as the one due to the superexchange interaction mentioned above, and the singlet bond becomes long compared to that in the case of ε 1 ≃ 0. Therefore, J SE is referred to as the "superexchange (SE)" Kondo coupling in the following. Note that a similar screening occurs also for negative ε 1 (< 0), although Fig. 2(b) describes only the situation for positive ε 1 (> 0). For negative large ε 1 , the QD1 is almost doubly occupied and the effective Hamiltonian takes the same form H 
IV. NRG RESULTS

A. Crossover between the IE and SE Kondo screenings
To confirm the above discussions more precisely, we calculate the phase shift, the average number of electrons in each of the dots, and the spin susceptibility for the two-impurity Anderson model H TIAM using the numerical renormalization group (NRG). 20 We first show the numerical results of the phase shift due to the DQD, which is helpful to clarify the formation of the singlet state because the phase shift reflects an electron scattering at the DQD. From the phase shift ϕ, we can also deduce the total number of electrons N DQD ≡ σ n 1,σ + n 2,σ in the DQD, using the Friedel sum rule 21, 22 Figure 3 shows N DQD as a function of ε 1 /t, and the number of electrons in each of the dots, n 1(2) = σ n 1(2),σ . Let us first look at a region around ε 1 = 0. In this region, namely N DQD ≃ 2, both of the dots are nearly half-filled ( n 1(2) ≃ 1), and the phase shift takes the value of ϕ ≃ π from Eq. (12) . The singlet state is formed dominantly inside the DQD, and thereby the conduction electrons at the leads are not scattered by the local spin at the dots. As ε 1 increases, N DQD shows a sharp drop around ε 1 /t = 0.8 and approaches N DQD ≃ 1. From Eq. (12), we see that the phase shift ϕ also changes from π to π/2. In the region around ε 1 /t = 2.0, n 1 goes to zero while n 2 almost remains unchanged. It indicates that the local spin appears only at the QD2 for large ε 1 , and the SE Kondo coupling can be described by the Kondo Hamiltonian given in Eq. (10) . Therefore, the kink behavior of the phase shift with the height π/2, seen in Fig.  3 , signifies the crossover between the IE Kondo screening described by the Hamiltonian H K with J SE . In order to discuss the change of the low-energy states for the energy level ε 1 in more detail, it is helpful to use the fixed-point Hamiltonian in terms of the renormalized parameters
Number of electrons t / where
Σ 2 (ε) is the self energy due to the Coulomb interaction U 2 . Using this fixed-point Hamiltonian, a unified analysis for the ε 1 dependence becomes possible. The crossover between the two opposite limits, at ε 1 = 0 and ε 1 → ∞, can be described as a continuous change of the parameter values of the fixed-point Hamiltonian. We can calculate the renormalized parameters ε 2 and t using the NRG.
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The results are shown in Fig. 4(a) . It is noteworthy that both ε 2 and t show a sharp decrease around ε 1 /t ≃ 0.8, which indicates the crossover between the two different singlet bonds, namely the one due to the IE coupling J 12 and the other due to the SE Kondo coupling J SE . Furthermore, from these parameters we can deduce the phase shift ϕ of the DQD and the conductance G at zero temperature:
where Γ ≡ Γ L + Γ R . Note that this expression for G is exact at zero temperature for the symmetric coupling Γ L = Γ R , and can be obtained, for instance, by using the Meir-Wingreen formula 25 for the Hamiltonian in Eq. (1). The phase shift ϕ and the conductance G can be deduced from the exact NRG results for the renormalized parameters. Figure 4(b) shows the result of the conductance as a function of ε 1 for ε 2 = −U 2 /2. We see that the conductance shows an upturn around ε 1 /t ≃ 0.8, and at this value the crossover between the ground state due to the IE coupling and that due to the SE Kondo coupling occurs. The behavior of the conductance in Fig.  4(b) can also be explained in terms of the Fano-Kondo effect. This is because the energy level ε 1 at the QD1 varies the asymmetric parameter q for a Fano line shape, as discussed by Maruyama et al. 5 andŽitko.
14 Indeed, the conductance decreases at ε 1 /t ≃ 0, where q ≃ 0, due to the destructive interference effect while the conductance approaches 2e 2 /h in the limit of ε 1 /t → ∞ where q → ∞.
The nature of the crossover can also be related to a level crossing taking place in a molecule limit Γ L/R = 0, where the QD1 is decoupled from the lead. In this limit the isolated DQD is described by a Hamiltonian H QD1 +H QD2 +H int , and the ground state of the molecule becomes a singlet or doublet, depending on the value of |ε 1 |/t and U 2 /t. As shown in the inset of Fig. 4(a) for U 1 = 0, the ground state is a spin singlet if either |ε 1 |/t or U 2 /t is small. In the opposite case, a spin doublet becomes the ground state. Note that in the doublet region, nearly one electron occupies the QD2, whereas the QD1 is almost empty or doubly occupied. Thus, the local moment emerges mainly at the QD2. We see in the phase diagram in Fig. 4(a) that the transition takes place in this molecule limit at |ε 1 |/t ≃ 0.8 for U 2 /t = 6, and it agrees well with the position where ε 2 and t show a sharp decrease. For finite Γ L/R , the conduction electrons can tunnel from the lead to the QD2 via the QD1. However, the electrons at the QD1 cannot contribute to the screening of the moment at the QD2, because the QD1 is almost empty or doubly occupied, and has no local spin moment. Then, the local spin at the QD2 is screened by the conduction electrons from the leads over the QD1, which is the SE Kondo screening discussed above. Therefore, using the phase diagram in Fig. 4(a) , we can estimate the value |ε 1 |/t and U 2 /t, at which a crossover between two distinct singlet states occurs.
In order to estimate the Kondo temperature due to the SE process, we calculate the contribution of the QD2 to the impurity susceptibility, defined by
is the z component of the total spin of the system with (without) the QD2. Figure 5 shows the results of χ 2 for several values of ε 1 . We can estimate the Kondo temperature from the slope of these plots. 20 In particular, for a large value of ε 1 , we can compare the Kondo temperature estimated from T χ 2 with that obtained from the Kondo Hamiltonian H (18) for ε1/t = 1.2, 1.6, and 2.0 (see Table I ).
where D is the half-bandwidth of the leads and ρ = 1/2D. The Kondo temperature T K (J SE ), which is obtained from Eq. (18) , is listed in Table I for several values of ε 1 /t. Furthermore, these values of T K (J SE ) are indicated by the arrows with dashed lines in Fig. 5 . We see that T χ 2 obtained from the NRG for ε 1 /t = 1.2, 1.6, and 2.0 decreases rapidly showing a clear crossover to the Kondo regime around the temperature indicated by the arrows. This agreement demonstrates that the Kondo screening for a large value of ε 1 is mainly owing to the SE one described by the Kondo Hamiltonian H 
B. Coulomb interaction U1 at QD1
So far, we have assumed that the QD1 is noninteracting, U 1 = 0. In this subsection, we discuss the effects of the Coulomb interaction U 1 at the QD1 on the energy scale of the Kondo screening.
We first introduce the Coulomb interaction U 1 for positive ε 1 > 0. Figure 6 shows the impurity susceptibility at the QD2, χ 2 , for several values of ε 1 and U 1 . The other parameters are the same as those of Fig. 5 . Since we set ε 1 in a way such that there is almost no local spin moment at the QD1, the SE Kondo screening occurs in these examples. In Fig. 6 , we see that the crossover temperature, corresponding to the Kondo energy scale, decreases as U 1 increases. This is because the QD1 becomes almost empty for large positive ε 1 and large Coulomb repulsion U 1 , and the virtual electron tunneling from the leads to QD2 is suppressed significantly. Specifically, in the case where ε 1 is away from the Fermi energy (ε 1 > t, Γ), the SE Kondo coupling J SE between the QD2 and the leads given in Eq. (11) can be expressed in a more general form, by taking into account the effect of the Coulomb repulsion U 1 , as
This J SE monotonically decreases with increasing U 1 , so that the Kondo temperature T K (J SE ) defined by Eq. (18) also becomes small as U 1 increases. We can see the corresponding shift of the crossover temperature in Fig. 6 for the two-impurity Anderson model H TIAM .
2.
Crossover between the two-stage and single-stage Kondo screenings
Next we consider another case: the crossover between the two-stage Kondo screening and a single-stage Kondo screening. It has been discussed previously that the twostage Kondo effect can occur in the case where each of the two dots has a local moment and the Kondo temperature T QD1 K for the QD1 is larger than the exchange coupling J 12 between the dots. 6,9 It takes place typically near the electron-hole symmetric point, where ε 1(2) + U 1(2) /2 ≃ 0. Therefore, as the energy level of the QD1 moves away from the electron-hole symmetric point ε 1 ≃ −U 1 /2, the SE Kondo screening can arise because the local spin moment at the QD1 disappears. Furthermore, the two-stage Kondo screening near the symmetric point changes to the single-stage Kondo screening. This was also discussed partly byŽitko et al. They showed that the Kondo temperature rapidly drops as ε 1 moves away from the electron-hole symmetric point. 9 However, how the singlet ground state evolves in the crossover region has not been clarified in detail. In order to confirm the precise features of the Kondo screening, we calculate the susceptibility for the two dots as well as that for the QD2,
Here, S 2 z is the z component of the total spin of the whole system including the DQD, and S 2 z lead is the same quantity without the DQD. Furthermore, we also calculate the entropy of the DQD defined by
Here, E = Tr[He −H/(kB T ) ]/Tr[e −H/(kB T ) ] and F = −k B T lnTr[e −H/(kB T ) ] are the internal energy and free energy of the whole system consisting of the DQD and the leads, while E lead and F lead are those for the unconnected leads. Fig. 7 are replotted over a wide temperature range. These results confirm that the moment is eventually screened in the cases of ε1/Γ = 1 and 2 although the screening temperature becomes exponentially small. Therefore, to observe the screening process due to the SE Kondo coupling JSE defined by Eq. (19) in a realistic temperature, ε1 should be not so large.
Figure 7(a) shows the spin susceptibility χ DQD for several values of ε 1 /Γ. For ε 1 /Γ = −3, which corresponds to the electron-hole symmetric point ε 1 + U 1 /2 = 0, T χ DQD shows a peak around T /D ∼ 10 −3 . This peak indicates that each of the dots is occupied by a single electron, and the local moment is well developed. In this case, a twostage screening occurs as temperature decreases: the first stage can be seen at T /D ∼ 10 −4 , and the second one at T /D ∼ 10 −7 . These two energy scales correspond to the Kondo temperature for the first stage T 1st K and that for the second stage T 2nd K , respectively. If the Coulomb interaction at the dots is much larger than the tunneling constants Γ and t, then the peak of T χ DQD approaches 0.5 in units of (gµ B )
2 and the structure that emerges at T Fig. 7(c) , we see that the two-stage behavior can be observed more sharply in the temperature dependence of the entropy than that of the susceptibility.
As ε 1 crosses the Fermi energy and takes a positive value, the peak of T χ DQD seen in Fig. 7(a) at T /D ∼ 10 −3 is suppressed. This indicates that the local moment at the QD1 disappears as the QD1 becomes almost empty. Then, the local moment at the QD2 is screened by the SE process via a single stage as the temperature approaches zero. We see in Fig. 7 (b) that T χ 2 is almost constant (0.25) in a wide temperature range below T /D ∼ 10 −3 . This indicates that the local spin moment at the QD2 remains almost free in this temperature region. Furthermore, the entropy for the DQD shown in Fig. 7(c) is locked at the value of ln2 below T /D ∼ 10 −4 , which is caused by the unscreened spin moment at the QD2.
This free moment must be screened eventually at low temperatures by the SE Kondo coupling J SE although the Coulomb interaction U 1 makes the Kondo temperature very small. In order to see the low temperature region, χ DQD , χ 2 , and S DQD are shown in a wide temperature range in Fig. 8 . We see that T χ DQD for ε 1 /Γ = 1 and ε 1 /Γ = 2 shows the decrease at T /D ∼ 10 −45 and T /D ∼ 10 −90 , respectively. These results confirm clearly that the local moment at the QD2 is really screened although the energy scale for the SE Kondo screening becomes small for large U 1 and ε 1 .
V. SUMMARY AND DISCUSSION
We have studied the Kondo effect in a side-coupled DQD system with focus on how the Kondo singlet state changes by varying the energy level at the embedded dot (QD1). We have found that when the side dot (QD2) is in the Kondo regime, two distinct singlet states appear; one is due to the IE coupling between the QD1 and the QD2, and the other is caused by the SE Kondo coupling between the QD2 and the leads via the QD1. In this sense, the latter is a different type of the singlet state from the former which has been studied in the side-coupled DQD systems so far. In order to clarify the screening process, we have obtained the effective Kondo Hamiltonians using the perturbation expansion with respect to the tunneling matrix elements. From these Kondo Hamiltonians, we have shown that in the case where the QD1 is almost empty and doubly occupied the screening is caused by a superexchange mechanism, and the singlet bond becomes long. Moreover, we have calculated the phase shift and the conductance using the NRG method, and have obtained the relation between the phase shift and the conductance. We have found that the conductance is enhanced at the crossover region between the singlet ground state due to the IE coupling and that due to the SE Kondo coupling. We have also calculated the local spin susceptibility and have estimated the Kondo temperature, which shows good agreement with that obtained from the effective Kondo Hamiltonian. Furthermore, we have demonstrated precisely how the two-stage Kondo screening changes to a single-stage process as the energy level at the QD1 moves away from the electronhole symmetric point.
In closing, we would like to make some comments on the SE Kondo screening. The scenario of the SE Kondo screening is not limited to our side-coupled DQD system, but is more generic for the Anderson model where the impurity spin and the conduction electrons are connected via the discrete energy level. In usual cases of the Kondo problem, a magnetic impurity is coupled directly to the conduction electrons, for instance, a bulk system with a magnetic impurity. On the other hand, in the two-impurity Anderson model we have considered, a local spin moment is coupled indirectly to the conduction electrons via a discrete energy level. The resulting screening process shows a unique feature, which has clearly been demonstrated in this paper with the help of the effective Kondo Hamiltonians and the NRG method. The SE Kondo screening discussed in this paper also appears in a side-coupled DQD system coupled to normal and superconducting leads, which we have previously studied.
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In this case, the superconducting proximity to the embedded dot quenches the local spin moment because this proximity tends to make a singlet consisting of a linear combination of the empty and doubly occupied states. Thus, the superconducting proximity to the embedded dot plays the role of a potential barrier between the side dot and the normal lead, which can cause the SE Kondo screening.
Recently, the side-coupled DQD system has been fabricated in experiments. 16 We thus expect that in the near future, it may become possible to observe the SE Kondo screening discussed in this paper, providing further interesting examples of correlation effects in the context of electron transport in nanoscale systems.
